H
. We also establish an existence result for convex bounded domains contained in a strip.
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INTRODUCTION AND STATEMENT OF RESULTS
Consider a smooth surface M in three-dimensional Euclidean space, having a non-parametric representation z=u(x, y) and consider the upwards orientation. Then M has mean curvature H provided that the function u=u(x, y) satisfies the partial differential equation
where div and { are the Euclidean divergence and gradient operators. A solution of (1) is called an H-graph. The Dirichlet problem for Eq. (1) corresponding to a fixed (smooth) domain 0 in the (x, y)-plane and H a given constant consists of finding a solution of L H (u)=0 in 0 taking on assigned continuous values on the boundary 0 of 0. Geometrically, this has the meaning that the resulting surface z=u(x, y) is defined over 0 and spans a given space curve with single valued projection on the (x, y)-plane. The first general existence theorem for H-graphs is due to Serrin. He showed in [9] that when the curvature of 0 satisfies
then there exists a solution of (1) for arbitrary prescribed boundary values. His result requires, in particular, that 0 be bounded and convex. In this context, Serrin also showed that the lower bound (2) is necessary for the existence of solutions with arbitrary boundary values. Serrin's necessary and sufficient condition was a natural extension of that given by Finn in [3] who showed that minimal graphs (H=0) exist over a bounded domain for arbitrary boundary values if and only if the domain is convex.
Necessary Condition. In the same paper, Finn derived a necessary condition for the existence of a solution on the unbounded domain (strip) between two parallel lines: If u is a solution of (1) on a strip, then necessarily the width h of the strip satisfies h 1 H . Our first result generalizes this to unbounded convex domains and shows that a similarly strict condition is imposed on the geometry of 0 by the existence of a solution. It is important to notice that the results of Finn and Serrin give sufficient conditions under which a domain admits solutions with arbitrary boundary values. We now consider the particular case of zero boundary data. In this particular case, there is a unique value H 0 >0 depending on 0 for which solutions of (1) exist (as graphs over 0) precisely for |H | H 0 (a discussion of this point may be found in [7] ). In [6] the author in collaboration with Montiel gives estimates on the value of H 0 in terms of the geometry of 0. Further related results are also obtained by the author in [5] Theorem 1.2. Let H>0 and let 0 be an unbounded convex planar domain included in a strip of width Theorems 1.2 and 1.4 assert us that the Dirichlet problem with zero boundary data associated to the constant mean curvature equation (1) can be solved for convex domains included in a strip of width 1 H . When 0 is not bounded, the result is optimum. However, when 0 is a bounded convex domain included in a strip, it is to be wished that the assumption H< 1 h on the width of the strip can be relaxed in some sense, as it occurs when 0 is a disk.
PROOF OF RESULTS
Proof of Theorem 1.1. Let u be a solution of (1) in 0 and let G denote the graph of u. Next result follows the same ideas as in [3] . Proof. We proceed by contradiction. Let 7 be a sphere of radius 1 H whose center lies on the straight-line through p that is orthogonal to the (x, y)-plane. Lift 7 vertically upwards until 7 is completely above G. Then, let us descend 7 until to find a first point of contact of 7 and G. Since D( p, 1 H )/0, the contact point is interior and the maximum principle gives us a contradiction. K We continue with the proof of Theorem 1.1. From Lemma 2.1 and the convexity of 0, it follows that 0 is included in a strip B$ of width 2 H . By means of a rigid motion, we can assume that the strip is given by
Since 0 is a convex domain, then we have two possibilities: if the x-coordinate is not bounded from above or below in 0, then 0 is a strip included in B$; in other case, 0 is asymptotic to a strip included in B$. In the first case, it is known that the width of 0 is less than 
where & denotes the exterior directed unit normal along 0 n, m . Letting m Ä , we have
H . Since the two branches of 0 are asymptotic to B$ h , in the limit case (n Ä ), we conclude h 1 H , and the theorem is proved.
Proof of Theorem 1.2. Without loss of generality, we suppose that the strip B in the statement of the theorem is given by B=[(x, y);
]. Solutions of Eq. (1) on unbounded convex planar domains and with zero boundary data on the boundary satisfy a priori height estimates. Let u be a solution of (1) such that u=0 on 0, being 0 an unbounded domain. First, since u is zero along 0, u is bounded in 0 (see [8, Lemma 2.4] ). Suppose now that 0 is convex. Then a standard barrier argument [1] by using halfcylinders of radius
2 & y 2 and the plane z=0 gives us
Now we are in position to prove Theorem 2. There exists two types of unbounded convex domains in B: either an infinite strip parallel to the x-axis, or a domain with the x-coordinate is lower (or upper) bounded and asymptotic to a strip included in B.
(1) In the case that 0 is an infinite strip, by means of using a rigid motion, we can suppose that 0=[(x, y); &h< y<h] with h 1 2H . Then the piece of the cylinder of radius
is a solution of (1) with u=0 on 0.
(2) Now consider that 0 is not a strip. In order to find a solution u of the corresponding Dirichlet problem, we shall use of the classical Perron method of superfunctions for (1) (see [4] ; also [1] for an example in the same context). This will be possible provided that for sufficiently small disks there exist solutions of (1) 
and so, the curvature of D is greater than 2H. We define the uniquely continuous function
Following 
We now observe that by (5), we have
As a consequence, it follows
and the maximum principles yields the desired inequality Remark that the functions of F* are uniformly bounded. Also, the functions of F* satisfy the properties (1) and (2) 
Denote by v p the function whose graph is C p . Consequently, the functions v p and w=0 are a modulus of continuity in a neighbourhood of p. Since v p ( p)=w( p)=0, we obtain u( p)=0. This completes the proof of Theorem 2.
Remark 1. The solution obtained in Theorem 1.2 is unique at infinity [2] . In the paper [3] mentioned above, Finn also conjectured that the halfcylinder of radius 1Â2H was the only H-graph in a strip of width 1ÂH. A counterexample can be obtained from the 1990 paper of Collin [1] who succeeded in proving the existence of H-graphs over a strip of width 1ÂH with boundary formed by two convex functions on 0.
Proof of Theorem 1.4. Let 0 be a convex bounded domain included in a strip of width h. If H< 1 h , the solvability of the Dirichlet problem
can be achieved using the continuity method. Following the usual Leray Schauder approach (see [4, Theorem 13.8] ), solvability of (6) For H=0, we have the trivial solution u=0 and from the implicit function theorem applied to Eq. (1), there exists a range of solutions for (6) with 0 H c 0 , for a small number c 0 . In the interval [0, c 0 ], there exists uniform C 0 -bounds depending only on 0. For every solution u of (6) with c 0 H c the height estimate for graphs due to Serrin implies that |u| 1Â|H | 1Âc 0 ( [9] ; see also [8] ). Thus we obtain an apriori estimation of sup 0 |u|.
On the other hand, C 1 -estimates of u along the boundary 0 are obtained provided that we are able to establish apriori estimates of the slope of the H-graph G of u along its boundary G= 0. This estimate will be accomplished with quarter-cylinders as geometrical barrier surfaces as in [6, Corollary 4] . This is summarized as follows. Without loss of generality, consider that 0 is contained in the strip 
whose mean curvature is 1 h . Consider K$ the piece of K that projects orthogonally onto B*. Then the maximum principle asserts that we can move upwards K$ until to touch the first time the plane z=0 and without contacting with G. Therefore, 
In order to estimate the slope of the graph G, let p # G= 0 be an arbitrary boundary point. Consider K p a quarter-cylinder of radius h 2 whose axis is parallel to the tangent line l to 0 at the point p and with the same characteristics as C p in Theorem 1.2. Applying the estimate (7), we move up K p slightly without touching G until to obtain a piece K$ p of K p such that its height is c 2 with respect to the plane z=0. After a rigid motion, the surface K$ p can be viewed as the half portion of K$. By moving K$ p towards p and by the convexity of 0, the same reasoning as in Theorem 1.2 proves that the slope of G at the point p is less than the slope of K$ along its boundary. This estimate depends only on h and c 2 , or in others words, it is independent on H. This completes the proof of the theorem.
Remark 2. It is worth pointing out that the bounded domain 0 in Theorem 1.4 is not necessarily strictly convex, in contrast to the Serrin result in [9] . As a consequence, the boundary of our domain 0 can contain pieces of straight-lines or, in other situation, the size of 0 can be too big inside the strip.
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